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Abstract: In this paper, some boundedness for commutators of fractional integrals are 
obtained on Herz-Morrey spaces with variable exponent applying some properties of varible 
exponent and BMO function. 
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& ' 1 Introduction 



Function spaces with variable exponent are being watched with keen interest not in real analysis 
but also in partial differential equations and in applied mathematics because they are applicable to the 
modeling for electrorheological fluids and image restoration. The theory of function spaces with variable 
exponent has rapidly made progress in the past twenty years since some elementary properties were 
established by Kovacik and Rakosm'k . One of the main problems on the theory is the boundedness of 

^^^P i |24lll| 

the Hardy-Littlcwood maximal operator on variable Lcbcsgue spaces. By virtue of the fine works 
^— v J some important conditions on variable exponent, for example, the log-Holder conditions et al, have been 

C*~) ' obtained. 



The class of the Herz spaces is arising from the study on characterization of multipliers on the 
classical Hardy spaces. And the homogeneous Herz-Morrey spaces MK^ '„ A (K") coordinate with the 
^^ I homogeneous Herz space K"' p (M. n ) when A = 0. One of the important problems on Herz spaces and 

fT2Tfl4l 

Herz-Morrey spaces is the boundedness of sublinear operators. Hernandez, Li, Lu and Yang et al 
have proved that if a sublinear operator T is bounded on L p (M. n ) and satisfies the size condition 

\Tf(x)\<C f j^%dy 

•/»- \x-y\ n 

for all / G L 1 (M. n ) with compact support and a.e. x supp/, then T is bounded on the homogeneous 
Herz space A"" ,P (R"). In 2005, Lu and Xu established the boundedness for some sublinear operators. 
The BMO space and the BMO norm are defined respectively as follows: 

BMO(K") = {be Ll c («") : ||6||bmo(r») < 00), ||6||bmo(b») = sup JL / \b(x) - b B \dx. 

1 > B:ball |-°| J B 

The fractional integral Ip is defined by Ip(f)(x) = L„ _ \l-ti dy, the commutator for fractional integral 
is defined by [b,Ip]f(x) = b(x)Ip(f)(x) — Ip(bf)(x), and m-order commutator for fractional integral is 
defined by 

wow-/ m ^ } :y r *v, 

jk™ \x — y\ H 
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where < f3 < n, b 6 BMO(l"), m £ N. It is easy to see, when m = 1, /™ & (/)(x) = [b,Ip]f(x); and 

whan m = 0,J|V(/) (a) = /^ (/)(»). 

Chanillo has initially introduced the commutator [6, J^] with b £ BMO and proved the bound- 

rf7i 
edness on Lebesgue spaces with constant exponent. In 2010, Izuki generalizes this result to the case 

of variable exponent and considere the boundedness on Herz spaces with variable exponent. 

In 2010, Izuki proves the boundedness of some sublinear operators on Herz spaces with variable 

19 20l 

exponent. And recently Izuki also considers the boundedness of some operators on Hcrz-Morrcy 

spaces with variable exponent. 

Motivated by the study on the Herz spaces and Lebesgue spaces with variable exponent, the main 
purpose of this paper is to establish some boundedness for commutators of fractional integrals on Herz- 
Morrey spaces with variable exponent, Our main tools arc some properties of varible exponent and BMO 

1171191 

function. And we also note that our results are the generalizations of main theorems for Izuki on 

Herz space and Herz-Morrey spaces with variable exponent. 

Throughout this paper, we will denote by \S\ the Lebesgue measure and by Xc the characteristic 
function for a measurable set S C R". Given a function /, we denote the mean value of / on S by 
fs '■= tjt fa f(x)dx. C denotes a constant that is independent of the main parameters involved but whose 
value may differ from line to line. For any index 1 < q(x) < oo, we denote by q'(x) its conjugate index, 
namely, q'(x) = ?^\_ 1 - For A ~ D, we mean that there is a constant C > such thatC _1 D < A < CD. 

2 Preliminaries and Lemmas 

In this section, we give the definition of Lebesgue and Herz-Morrey spaces with variable exponent, 
and state their properties. Let E be a measurable set in W 1 with \E\ > 0. We first define Lebesgue spaces 
with variable exponent. 

Definition 2.1. Let q(-) : E — > [l,oo) be a measurable function. 

1) The Lebesgue spaces with variable exponent L q ^(E) is defined by 

L q ^''{E) = {/ is measurable function : / I j dx < oo for some constant r\ > 0}. 

2) The space Lf^ (E) is defined by 

L' (£) = {/ is measurable function : / 6 L q ^'(K) for all compact subsets K C E}. 

The Lebesgue space L q ^(E) is a Banach space with the norm defined by 

\f(x)\\q(.x) 
Ie v V 

Now, we define two classes of exponent functions. Given a function / G L\ oc (E), the Hardy- 
Littlcwood maximal operator M is defined by 

M/(x)=supr-" f \f(y)\dy (x e E), 

r>0 JB{x,r)r\E 

where B(x, r) = {y 6 M" : \x — y\ < r}. 

Definition 2.2. 1) The set ^{W 1 ) consists of all measurable functions q(-) satisfying 

1 < essinf q{x) = g_, q+ = esssupq(a;) < oo. 

xes." iei« 



\ Lq , HE) =m£{ V >0: f [\lMy ix) dx <^ 
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2) The set 3§(M. n ) consists of all measurable functions q(-) £ ^(l n ) satisfying that the Hardy- 
Littlewood maximal operator M is bounded on L q ^(R n ). 

Next we define the Herz-Morrey spaces with variable exponent. Let B^ = B(0, 2 fc ) — {x £ M. n : 
\x\ < 2 k },A k = B k \ Bfc-i and Xk = X Ah fOT k e Z. 



Definition 2.3. Let a £ R, < A < oo, < p < oo, and g(-) £ ^(M"). The Herz-Morrey space 

a, A / 

P,<j(-) 1 



with variable exponent MK a ' ,JM. n ) is definded by 



MK, 
where 



%)(*") = {/ e ^(R n \{0» : II/IIm^, )(K ») < oo}. 



fco 

IP 



sup2- fcoA ( V 2 feQp ||/ Xi i 



fc— — oo 



Compare the Herz-Morrey space with variable exponent MK a ' ,-,(!") with the Herz space with 



variable exponent K a ^(R n ) , where 






L«(0(K») < °° 

fc— — oo 

Obviously, M^j (R~) = ^(K"). 

When A = 0, we can see that our result below generalize the result in the setting of the Herz space 
with variable exponent, which proved by Izuki in |17j . So in this paper, we only give the result when 
A>0. 

In 2012, Almeida and Drihem discuss the boundedness of a wide class of sublinear operators, 
including maximal, potential and Calderon-Zygmund operators, on variable Herz spaces K a ,\ p (J$L n ) and 
K a K p (M. n ). Meanwhile, they also establish Hardy-Littlewood-Sobolcv theorems for fractional integrals 
on variable Herz spaces. In this paper, the author only considers Herz-Morrey space MK a ^',\ (R n ) with 
variable exponent q(-) but fixed a G M and p £ (0, oo). However, for the case of the exponent a(-) is 
variable as well, we can refer to the furthermore work for the author. 

Next we state some properties of variable exponent. Cruz-Uribe et al and Nekvinda proved 
the following sufficient conditions independently. Moreover, we note that Diening proved the following 
proposition in the case of E is bounded, and Nekvinda gave a more general condition in place of @. 

Proposition 2.1. Suppose that E is an open set, If q(-) £ £P(E) satisfies the inequality 

\q{x)-q(y)\< - ~ C if \x - y\ < 1/2, (1) 

ln(|a;-y|) 

\q(x) - q(y)\ < l^Sr^ if|y|>N, (2) 

where C > is a constant independent of x and y, then we have q(-) £ 38{E). 

In order to prove our main theorem, we also need the following result which is the Hardy-Littlewood- 

[22] 

Sobolev theorem on Lebesgue spaces with varible expoonent due to Capone, Cruz-Uribe and Fiorenza (see 

[23] 

Theorem 1.8). We remark that this result is initially proved by Diening provided that q x (•) is constant 
outside of a large ball. 
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Proposition 2.2. Suppose that q ± (-) G &(M. n ) satisfies conditions (JXJ) and @ in Proposition 

I2TT1 < 13 < n/(q 1 ) + and define q 2 (-) by 

_1 l _ = fL 

Qi ( x ) & (x) n ' 

Then we have 

II^/IIl92(-)(K«) < C|l/lll,9lC-)(Rn) 

for all / eW(')(l"). 

In addition, the following result for the boundcdness of Io l b on the Lebesgue spaces with variable 
exponent will be used in the proof of our main theorem. 

Proposition 2.3. Suppose that q ± (-) G £?(M. n ) satisfies conditions ([1]) and © in Proposition l2.il 
Let m G N, < fi < n/(q 1 ) + , Define the variable exponent q 2 (-) by 

_L l _ = i 

Qi ( x ) <?2 ( x ) n ' 

Then If b is bounded from L q ^(R n ) into L q ^(R n ) for all / G L q i ^(R™) and 6 G BMO(R n ). 

The idea of the proof for Proposition 12.31 comes from the Theorem 1 in [17]. We omit the details. 
The next lemma describes the generalized Holder's inequality and the duality of L qi >'\E). The 
proof is found in [1] . 

Lemma 2.1. Suppose that q(-) G 3^(E), Then the following statements hold. 

1) (generalized Holder's inequality) For all / G L q ^(E) and all g G L q ^(E), we have 

\f(x)g{x)\dx < r q \\f\\ Lqi . ){E) \\g\\ Lql{ , HE) , 



IE 

where r q = 1 + 1/q- — l/q+- 

2) For all / G L q ^(E), we have 



li(--)(e) < sup J / \f(x)g(x)\dx : \\g\\ Lq >() (E) < lj. 



Lemma 2.2. If q(-) G ^(R n ), then there exists a positive constant <5 G (0, 1) and C > such 

that 

IIxs||l^(-)(R") < ^/I^K- 5 

IIxb|L,(.)(r») " W 
holds for all balls -B in R™ and all measurable subsets S C B. 

Lemma 2.3. If g(-) G ^(R™), then there exists a positive constant C > such that 



1 

IB 
for all balls B in R". 



<^'~ ^ 7^7llXB||i<ico(ifi»)||XB|[i9'(0(an) < C 



Lemma 2.4. ' 3 Let & G BMO(R"), m G N, i,j eZ with i < j. Then we have 

^II&IIbW") ^ su p jt^t IK 6 - bB ^ m ■ xbIIwocr-) < c||6|Ibmo(m»), 

|[(6-6 fl< r ■ XflJi«M(R») < C(? - i) m H&llBMO( a »)llx^lL,c) (1K »)- 

The above result is proved by Izuki . We remark that Lemma l2.4l is a generalization of well-known 
properties for BMO spaces. 
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3 Main theorem and its proof 

In this section we prove the boundedness for the higher order commutator of fractional integrals 
on Hcrz-Morrey spaces with variable exponent under some conditions. 

Let q(-) € £P(R n ) satisfy conditions ([1]) and @ in Proposition 12.11 Then so does <?'(•)■ I n par- 
ticular, we can see that q(-), q'(-) e £$(M. n ) from Proposition 12. II Therefore applying Lemma \2 . 2 1 when 
QlOsSaO) S ^(W 1 ), we can take constant Si € (0, l/{q 2 ) + ),S 2 € (0, l/(gi)+) such that 

WxsWrfu^ (\s\\ Sl \\xsh^um <r (\s\\ Sl r „. 

IIxbII^,.,^ - \\B\J ' Hxall^cocRn) " \\B\J [ ' 

for all balls B in W l and all measurable subsets S C B. 
Our main result can be stated as follows. 

Theorem 3.1. Suppose that q 1 (-) £ 0$ (W l ) satisfies conditions (JTJ and (0) in Proposition 12.11 
Define the variable exponent q 2 (-) by 

_J l _ = (L 

Qi ( x ) <?2 ( x ) n ' 
Let m e N, <p x <p 2 < oo, A > 0, < /3 < n/(q 1 ) + , \ - n5 2 < a < X + nSi, where <5i e (0, l/(<?i) + ) 
and S 2 £ (0, l/(q 2 )+) are the constants appearing in ([3]). Then TP b is bounded from MK a ' , ,(R") into 



Mi V g (-)( R ™) for a11 f G Mi V g (O^) and b £ BM °( Rn )- 

Proof. For V / £ MK^ X q (t) (R") and V 6 £ BMO(R"). If we denote /,- := f ■ Xj = f ■ XAj for each 
j eZ, then we can write 

OO CO 

/(»)= e /(*)•»(*)= E &(*)■ 

j=— 00 j——oo 

Because of < p 1; /p 2 < 1, we apply inequality 



and obtain 



00 \Pi/Pa °° 

E w < E i^i Pi/P2 ' 



fc 6 



<Csup2-^( £ 2*°* 1 ll«/)-XJ& lW(W 



fc— — 00 

fc fe-2 



/ «0 «-^ \ 

<Csup2-^ Pl 2 2 fc ^( £ ll^(/,)-X fc ll^<) (R .) M 

u x fc = — OO J = — OO ' 

/ fc fc+1 

+csu P 2-^ 1 y, 2kaPi { E HWiO-XJIi. 

fcoGZ ^fc=-oo J=fe-1 



+C sup 2-*»^i J] 2 fc °M ^ II^C/jJ-xJI^c-)^) 

= (7(^1 + £ 2 + £ 3 



fc ° eZ ^fc=-oo j=fc+2 
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First wc estimate E^. Using the Proposition 12.31 we have 

fco fc+1 

' X fc ll L 9 2 C>(R™) 



E 2 = sup 2~ k ^ ( J2 2 ka ^ ( £ WMi) ■ X* " 



k ° Glj ^k=-oo j=k~l 



<0\\b\\^ 0(mn) mp2-^ Pl ( J2 2^( J2 WfrXj^w) 1 



< C\\b\\^ 0{Rn) sup 2"*°M J2 2kaPl Il/J ' XJ& 



A;— — oo j=fc— 1 






C\\b\\ r ' 



BMO(K")H-' "ur- 1 ,,( 



For £1. Note that when a; € A.k-,3 < k — 2, and y S Ay, then \x — y\ ^ |x|,2|y| < |a;|. Therefore, 
using the generalized Holder's inequality (sec 1), Lemma [2~Tjl . we have 

mum ■ *mi s c £ i^^^-yi'- a, . Xt(x) 

k( B — n) I 

<C2 { * / |/ 3 -(i/)||6(x)-6(y)[ m dyx fc (a;) 

<C2 H *- n) (\b{x)-b Bi \ m J a \f ] {y)\Ay + j^ \fM\Uv) ~ ^l"W) • X fe (*) 

<^ M ^ , ii/,]] Lgi( .) (K „ ) (i6(,)-6B,nix i ii i < ( . )(ffi „ ) 



+ ii(fe-^rx J ii L «> (R „ ) J-x fc (-). 

Thus, from Lemma [2T4| and note that HxJI l =(-) (k „n < ||x B . llr, s (->(Mnv ^ follows that 

+ ll(fe-M r ^ll L << V) llxJU<>( R ^ 

+ II & ]IbMO(K") IIX-Bj 11 ^^i (0 . Mn) \\X k \\ L i2^(R"-) 

Note that X B ( x ) < C2- k0 Ip(x B ){x) (see page 350, [19]), by Proposition l2~2l and Lemma [231 wc 
obtain 






(5) 



Using Lemma [2~2l Lemma [2~3l ([3]) and (|5|), we have 

k(8 — n) k(8 — n) — kB 

2 IIX ^ ll L 9 i <) ( R ") IIXSJI L 92< - , (^)- 2 IIXS A'i ( V)' 2 "^"^V) 
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_ f~< J L \ K ) ^ f-Wj — fc)ra<5i 

On the other hand, note the following fact 

ii^ii^»( Kn )= 2 ^( 2 ^ i ii^n: i M) (R „ ) ) 1/Pi 



(7) 



? = — OG 

<C2^-«)||/|| Mi ^ . 

Thus, combing (jj]), ([S]) and ([7]), and using a < X + n8\, it follows that 

£ 1= su P 2-W £ 2 fc ^( ]T ||/^(/,)-XJI^(-) (K 



i/Pi 



u x fc— — OO J — — CXD 

< c sup 2- fc "M ( £ 2 fc ^( ^ (fc-jT-ll&llBMo^)!!^!!^''^) 2 ^^"' 1 )" 1 

^ fc — — oo j=—oo 



< Cllfol 1 " 



Pi>«i(0 * 



fcn fc— 2 



sup 2" feoAp i ( V 2 feAp i ( Y^ (k - j) m 2 ( - k - j ^ a - x - nSl A 1 ) 



k °^ ^k=-oo 



ko 



^ c'I^IIbmock") 11/11 MX-' 1 ,,(R-)' 



Now, let us turn to estimate for E3. Note that when x G ^4/c, j > fc + 2, and j/ <E Aj, then 
I s — y\ ^ Iz/L 2jaj| < \y\. Therefore, using the generalized Holder's inequality (see 1), Lemma [2~Tjl . we have 

< C2 Hf, - n) f |/,-(y)||&(x) - 6(i/)pd|/ • x k (x) 

<C2 Hf> - n) (\b(x)-b Bk \ m J A IfMfiv + J \f ] (y)\Uy)-bB k \ m dyy Xk (x) 

< OZ'"- 1 H/rll^M^j (|6(x) - 6 fl J» || Xj ll^co ^ + 11(6 - 6^r Xj ll^c-,^) • X fc (*)- 

Using Lemma \2~M it follows that 

+ll(&-^J"X-|l L , i (., (Rn) ||xJI L , 2 (-) (R „ ) ) 
<C2 3( ' " ) ||/ J || Lgi (-) (R „ ) ^||6||g' MO(R „ ) ||xi3 & || L , 2 (-) (R „ ) ||x j |l L ,' 1 (.) (R7i) (8) 
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H3~kr\\b\\% MO{Rn) \\ XBj \\ [{ , \\x k \\ 



L"2< 



,j(fl-» 



<C2" '0--fcrPllB M O(M«)ll/ill^() (a „ ) IIXB i || i< (0 (R „ ) IIXBjl i92 (.) (R „ ) . 

Note that Xr.( x ) < ^^~ ^{Xn. )(x) (see page 350, [H]), by Proposition 12.21 and Lemma |2~5I we 
obtain 

WXBjL.^mn < C2-" \\If,(x Bi )\\. , 2 (), B „, 



<C2^||x 



bJz, 5i(0 (B") 



Thus, we have 



<^2 2 ||x B .n ,,,, 



2 ""^" i «' fR ^ C "^"^»^ W 



L 1 (R") J i 2> '(R») 

Using Lemma [2~2l Lemma [2~3l ((3j) and (|9]), we have 

2 3< '"" ) \\XB 3 || l< (0 (]Rn) ||XB» 11^(0 (Rn) < C||xb 3 11"^., IIxb* ll L . a co ( 



< C liXBfcll ^ 2( °( R ") (10) 

11^ Hl 9 » (0 (k») 



< c , 2^ fe ~ : '' n52 . 
Thus, combing 0,® and (fT0|) . and using A — n8i < a, it follows that 



S 3 =sup2- fc ^ £ 2^( J] ^(/.O-Xjl^c)^)) M 

fe ° eZ V fc=-oo j=k+2 J 

/ ko oo 

<Csup2- fc «^( £ 2 fe " Pl ( E C7'-fcril 6 llBMO(R")ll/,'ll i < Il () (K „ ) 2- '- fe)rl52 ) Pl 



^^fIIbmocr")!!/!!^^ (r») 



x sup 2- fe ° Ap i ( X 2 feAPl ( X (j-fc) m 2 (j - fe)(A - Q - n,52) ) Pl ) 

fco£Z ^k=-oc j=k+2 

- II llBMO(R»)ll-'ll MK «.^ ()(R „ )fco V z ^Z^ 

This finishes the proof of Theorem 13.11 □ 

When A — 0, our main result also hold on Hcrz space with variable expocnt, and generalize the 

[17] pj"g] 

result of Izuki (see Theorem 3). When m = 0, we also improve the result for Izuki (see Theorem 
2). 
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